Introduction
Reservoirs underlain by bottom water zones are very common and constitute a significant resource. The effective exploitation of these resources would provide an offset to the oil production decline from top quality reservoirs. Production from such reservoirs usually involves the completion of the well near the top of the reservoir so as to reduce the production of free water.
If capillary force is ignored, then there are two forces acting on the interface during production: (i) the viscous force that results from the flowing of fluids in the reservoir and (ii) the net gravitational force that results from the difference in density of two phases. For upwards displacement of oil by water, the gravitational force tends to stabilize the water-oil interface. When the difference between vertical pressure gradients across the interface becomes greater than the difference of gravity pressure gradients, the water-oil interface becomes unstable and viscous fingering occurs. Otherwise, the water-oil interface is stable. Figure 1 shows schematically the shape of a stable water cone for a vertical well and a corresponding crest for a horizontal well. For vertically confined reservoirs, the cumulative oil production for isolated wells at the breakthrough depends on the volume of water cone or crest
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Abstract
The displacement of oil by bottom water drive to a horizontal well was studied experimentally in a Hele-Shaw cell. The stability of the water-oil interface was investigated at different flow rates and viscosity ratios. A stable interface with higher recoveries was obtained for lower flow rates and where water and oil had the same viscosities. The effect of unstable flow conditions on the shape of interface and oil recovery was also studied. For a given viscosity ratio, higher flow rates usually resulted in a lower oil recovery at breakthrough. However, in some cases where multiple fingers formed, the oil recovery for higher flow rates was found to be higher than that for lower rates. Oil recovery at breakthrough was correlated with a dimensionless flow rate.
A novel numerical method was developed to simulate the piston type of displacement found in H ele-Shaw cells. The advancement of the water-oil interface and the corresponding oil recovery, as well as the pressure behaviour, were predicted. A single finger was identified for different flow rates when the viscosity ratio was adverse. The simulation results were in general agreement with corresponding experimental data.
Experimental Apparatus and Procedures
The displacement of oil by bottom water in porous media was modelled in this study by a Hele-Shaw apparatus consisting of two parallel plates separated by a gap that determines the permeability of the cell. The cell was made from two Perspex plates of a rectangular shape with the effective cell cavity being 25.4 cm wide, 25.4 cm high, and 0.0508 cm thick. The equivalent permeability was 2.15*10 -4 c m 2 . The experimental set-up is shown in Figure 2 .
Water was injected through the bottom holes of the cell by a syringe pump to a certain level that was usually higher than the planned initial height of the water oil contact (WOC) for the experiments. Then the oil was introduced by gravity through two holes located at the top corners of the cell to finally form a wateroil interface in the cell. To make the interface between the two phases clearly visible, the oil was coloured with a red, oil-based dye and the water with a green, water-soluble dye. Any gas bubbles were allowed to exit and escape through the hole located at the middle of the top side of the cell. After the system was free of air bubbles, the interface was adjusted carefully to be approximately horizontal and at the desired level. This interface was used as the original water-oil contact for the succeeding experiments.
A production line connected to the middle hole at the top of the cell was used to represent a horizontal production well located at the top of the reservoir. The production rate was controlled by injecting water through the bottom of the cell with a calibrated electrically-driven syringe pump. The advancement of the interface with time was photographed by a 35 mm camera. The elapsed time during the experiments was indicated by a stopwatch mounted on the left side of the cell.
Experimental Results and Discussion
The effects of flow rates and viscosity ratios on the stability of the interface and on oil recovery at breakthrough were investigated. To make the results comparable, care was taken to maintain the height of the original water-oil contact as constant as possible for each experiment. Generally, the experiments were continued until breakthrough took place. For some experiments, the change of the interface after breakthrough was also followed. Four oil samples and two water samples were used in experiments to provide different viscosity ratios. Table 1 lists the viscosities and densities measured at room temperature of approximately 23˚ C. The glycerol-water mixture was chosen to increase the viscosity of water so that the case of unit viscosity ratio between oil and water could be studied. Figure 3 shows the viscosity of a glycerolwater mixture as a function of the weight ratio of glycerol and water.
Effect of Oil Types
The "motor" oils were commercial mineral lubricating oil products that possibly contained chemical additives. The lubricating oil base stocks designated "MCT" were free from any additive. To investigate the effects that the different compositions of oil may have caused on the experimental results, a comparison was made using motor oil #30 and lubricating oil base stock MCT30. These two oil samples were very close in viscosity values with 210 mPa.s for motor oil #30 and 200 mPa.s for MCT30 but slightly different in density. The experimental results were almost the same and are shown in Figure 4 . This implies that any difference in oil compositions had a negligible effect on the experimental results.
The measurement of the interfacial tension between oil and water phases was made by using a Fisher Surface Tensionmat (S/N 310). The interfacial tension was 19 dyne/cm between motor oil #30 and water and 24 dyne/cm between lubricating oil base stock MCT30 and water. The difference in interfacial tension for these two cases was not large. 
Effect of Flow Rate and Viscosity Ratio
Detailed experimental results were described by Jiang ( 2 5 ) a n d the oil recovery at breakthrough vs. flow rate is plotted in Figure  5 . It was found generally that the oil recovery at breakthrough decreased with flow rate and viscosity ratio. However, in some cases where multiple fingers formed, it was noticed that the oil recovery at higher rates was higher than that at lower rates. For a viscosity ratio of 360, the oil recovery at breakthrough at rate of 4.0 cc/min was 39.6% compared to 32.5% at rate of 3.0 cc/min. For a viscosity ratio of 210, oil recovery at breakthrough for a rate of 6.0 cc/min was 39% compared to 36.6% for a rate of 4.0 cc/min. In general, the experimental results show that, a considerable amount of oil may be recovered before breakthrough with fingering flow.
In the case where oil and water had the same viscosity, the interface was stable for all flow rates employed in the experiments. As shown in Figure 5 by solid bars, the oil recovery at breakthrough also decreased with increased flow rates. The difference in oil recovery in this case might be the effect of gravity and/or surface tension. The further study for the effect of gravity on the advancement of the interface as well as on the oil recovery was described by Butler and Jiang (26) .
In order to correlate the oil recovery at breakthrough with production rates, the following dimensionless flow rate is defined. 
The Journal of Canadian Petroleum Technology This dimensionless flow rate contains both the viscosity contrast and density differences. This definition is used in description of the displacement of one fluid by another when the effect of gravity is considered. The oil recovery at breakthrough vs. dimensionless rate, as defined by Equation (1), is plotted in Figure 6 based on the data given in Table 2 . Figure 6 shows that the oil recovery at breakthrough is very sensitive to dimensionless flow rate when dimensionless flow rate is low but not when dimensionless flow rate is high. The points in Figure 6 were calculated from the experimental results and the curve was from a mathematical regression. It was found that the recovery at breakthrough decreased with dimensionless flow rate except for a few points in the region of high dimensionless flow rate where the multiple fingers formed. The relationship between the oil recovery at breakthrough and the dimensionless flow rate is expressed in Equation (2) . The experimental data for the case where water had the same viscosity as oil were not included because the dimensionless flow rate q* determined by Equation (1) equals zero when water had the same viscosity as oil. Viscous instability cannot occur when the upward-displacing fluid is heavier than the oil and is of equal or higher viscosity. Where R is the fractional oil recovery at breakthrough and q* is the dimensionless production rate defined by Equation (1).
This equation gives an oil recovery of 0.8 at q* = 0. This point is determined by extrapolating from the case where oil and water had the same viscosity. Because of the limitation of the pump rate, the recovery at a lower rate is difficult to obtain experimentally. This correlation is based on the data from a Hele-Shaw cell with a fixed geometry where the porosity was 1.0 and residual oil saturation was near zero. In applying this to an actual reservoir, the effect of residual oil saturation must be considered and the recovery predicted by Equation (2) 
Stability of Water-oil Interface
Various patterns of the water-oil interface were observed during the displacement for different flow rates and viscosity ratios. Figure 7 shows some typical shapes of the interface at breakthrough that were observed in Hele-Shaw cell. Figure 7 (a) shows a stable interface where the water had the same viscosity as oil. When the mobility ratio between the displacing and displaced fluids is adverse, the stability at any point of the interface depends on its local velocity. If the local velocity is higher than the critical velocity, then fingering flow occurs. For bottom water displacement, the critical vertical velocity can be estimated by Where v c is the critical velocity, ρ o and ρ w the density of oil and water respectively, µ o and µ w the viscosity of oil and water, k the permeability and g the acceleration by gravity. For any angle below the vertical, the critical velocity is less because of the reduced effect of gravity. Fingering flow occurs first along the central streamline because of the highest velocity. This was clearly visualized in Figures 7(b) through 7(d) where the fingering flow was dominant at the centre of the cell. Because the velocity at other points of the interface may also exceed the critical value, multiple fingers can form under suitable conditions. The development of the instability may take place at the beginning of the displacement or during a later period of displacement, depending on the flow rate and the distance of the interface from the production well. Figure 8 shows the shapes of the interface at 4 minutes and 8.8 minutes respectively for an oil viscosity of 210 mPa.s and a flow rate of 1.5 cc/min. It was found that the interface was stable initially and became unstable later. When the flow rate was high, the interface was unstable at the start as shown in Figure 9 where the flow rate was 6.0 cc/min. and oil viscosity was 210 mPa.s. For this higher rate, the instability of the interface occurred immediately after displacement was initiated and many small fingers developed simultaneously with the fingers at the centre.
Water Cut After Breakthrough
After breakthrough, the water enters the production well from the water channel formed by the water cone or fingers. The water cut in the produced fluids depends on the relative mobility of water and oil around the well. In the Hele-Shaw cell, the water cut is directly related to the viscosity ratio. The higher the viscosity ratio between oil and water, the higher the water cut in produced fluids. Sampling for direct analysis of the water cut from the produced fluids is difficult due to the hold-up of the fluids in the production line especially when the water cut and flow rate are low. Another difficulty is that the volume of liquid contained in HeleShaw cell is small (34 cm 3 ). However, the variation of the positions of the interface with time after breakthrough provides an indirect means to determine the water cut in produced fluids. Figure 10 shows the shapes of the interface at breakthrough and after breakthrough for a flow rate of 1.5 cc/min. and a unit viscosity ratio. The difference between the two curves indicates that considerable oil was produced after breakthrough. The water and oil had the same mobilities in this experiment. Figure 11 shows the positions of the interface at breakthrough and after breakthrough for a viscosity ratio of 210 and a flow rate of 3.0 cc/min. In contrast to the case where the oil and water had the same viscosity, the position of the interface after breakthrough is essentially unchanged compared to that at breakthrough and very little additional oil was produced. The average water cut after breakthrough in the produced fluids during the time interval Where f w is water cut in percentage, A bb and A ab are the area under the water-oil interface before and after water breakthrough, and b is the thickness of the gap of the cell. The flow rate q was maintained constant during the experiments. The calculation based on the digitized data from the photographed pictures shows that the average water cut after breakthrough was 44% for a viscosity ratio of one and was 96% for a viscosity ratio of 210.
Numerical Simulation
To model the sharp interface observed in the Hele-Shaw cell, piston displacement (Muskat's model) is assumed in this study. That is, oil is completely displaced by water as the interface advances. Water and oil only flow in their own phase. The effect of the thin liquid film that may be left behind the displacement front on the permeability is ignored. Under such assumptions, the water-oil interface can be determined by the water saturation profile in the cell.
Pressure Distribution in Hele-Shaw Cell
According to Darcy's law and the principle of mass conservation, the following partial differential equation can be used to describe the pressure distribution in the cell if the fluids are considered as incompressible and the capillary pressure is neglected. If there is no injection or production within a flow region, then δq t is equal to zero. Equation (5) can be simplified to the Laplace equation when water has the same properties as oil. Because the top, right, and left sides of the cell are confined, there is no flux across these boundaries and the velocity potential gradient normal to the boundary is zero. The component of gravity in the horizontal direction is zero if the cell is located at a right angle to horizontal (see Figure 12) For constant injection and production rate, the boundary conditions at the bottom side of the cell can be expressed as In these expressions, k is the absolute permeability in cm 2 , k ro and k rw are the relative permeabilities for oil and water, µ o and µ w are viscosities of oil and water. Equations (5) to (11) are solved using the methods described by Aziz et al. (27) 
Water Saturation
Water saturation distribution can be determined by the mass balance Equation (12). Where δq w is the sink or source term due to the injection or production of water, it takes a positive value for production and a negative value for injection. Equations (5) and (12) can be solved simultaneously or sequentially with the corresponding boundary conditions and initial conditions. The initial condition is determined by the initial water-oil contact. Physically, there is no transitional zone in the vicinity of the displacement front because capillary pressure is neglected. To simplify the solution procedures,
the pressure Equation (5) is solved implicitly and the saturation distribution is determined explicitly by the method described below.
Water-oil Interface
As observed in the Hele-Shaw cell during experiments, oil is almost completely displaced by water although there is a thin film left behind the front. The water saturation is not continuous at the front. With such assumptions, the average position of the interface can be determined by the water saturation profile in the cell. In finite difference scheme as shown in Figure 13 Where y(i,j) is the height of the interface at block (i,j), S wi is the connate water saturation and S wor is the residual oil saturation by waterflood, S w is the local water saturation and k(j) is the number of vertical blocks swept by injected water. The index i and j represent the node number of interface blocks in the x and y directions. To obtain a smooth curved interface, the middle points on each stepped segment of the interface are connected. Because piston displacement is assumed, there is no water saturation change in the water swept area. Water saturation changes only within the interface blocks.
The incremental water saturation ∆S w over the time interval ∆t at the interface blocks (i,j) can be calculated by writing Equation (12) The terms in bracket of Equation (14) can be determined by solving Equation (5) Where subscript "k-1" refers to the value at the previous time level. For piston type of displacement, λ w takes the value of total mobility of water in pure water region and is zero in pure oil region. In the blocks containing both oil and water phases, the mobility of each phase relates to its content in the blocks. In this study, the mobility of each phase is simply evaluated by its saturation as As soon as the water saturation profile is known, the position of interface can be calculated by Equation (13) . In the case where the water-oil interface happens to move from a current block vertically to a next block during the prescribed time interval ∆t, the calculation can be divided into two procedures. Procedure one is to find out the time required for water to fill up the current interface blocks. This can be done by replacing the ∆S w in Equation (14) by (1.0-S w -S wi -S wor ) and determining the corresponding ∆t. For convenient notation, we name it as ∆t 1 . The procedure two is to determine the incremental water saturation in next blocks by using the Equation (14) with ∆t=∆t-∆t 1 . In the case when the interface passes through more than one block vertically during the time interval ∆t, the same procedures can be applied. More detailed procedures have been described (27) . The error caused by difference scheme or the explicit treatment of the saturation can be checked by total mass balance Equation (17) 
The terms in the first bracket on the right side of Equation (17) represent the volume of water increase in the cell due to the variation of water saturation and the terms in the second bracket are the net cumulative volume of water injected which equals to the total injection minus total production of water. The n i and n j are total grid points in vertical and horizontal directions of the cell. If the relative error in mass balance is more than 1% in each time interval, then the water saturation in those interface blocks is updated.
Limitations of the Model
The numerical model developed here is based on the steadystate flow equations-Darcy's law, in porous media. For the interface blocks where both water and oil exist, a horizontal interface is assumed in a single block. The lateral movement of the interface and the fingering flow in a single grid block are not considered. Therefore, the fingering flow in a very narrow region, within the range of a block size for instance, cannot be determined by this model. The interface predicted by this model represents an average position of the interface. For viscous fingering flow, the model may predict a wider finger and slower frontal moving velocity. Figures 14 and 15 show the simulated water-oil interfaces for an oil viscosity of 210 mPa.s and two different flow rates. The results indicate that the recovery at breakthrough decreases with flow rates. The interface (or displacement front) at breakthrough becomes sharper as the flow rate increases. For all simulation runs, the initial water-oil interface was assumed horizontal. A single finger has been identified in the middle because the highest velocity takes place at the central streamline. As soon as a finger forms at the centre of the cell, the finger goes faster and faster due to the higher potential gradient caused by the convergent flow to the production well. Figure 16 shows the predicted movement of the interface for a viscosity ratio of 60. Compared to the previous case, the interface becomes flatter at breakthrough and higher oil recovery is anticipated because of the reduced viscosity ratio. Multiple fingers might be simulated by setting up a non-uniform water saturation initially along the water-oil contact. The problem is that not all fingering flow takes place at the beginning of the displacement especially when flow rate is moderate or the viscosity ratio is low. The on-set of fingering flow in the model is quite difficult to determine. The simulation of multiple fingers has not been carried out in this study due to the above reasons. Figure 17 shows the comparison of predicted oil recovery at breakthrough with the experimental data and the agreement is reasonably good.
Simulation Results and Discussion
It is anticipated that the total flow resistance in the system will decrease as the much less viscous water enters the viscous oil region. Figure 18 shows the pressure drop along the central streamline between injector and producer. The pressure drop between injector and producer decreases with time as more and more volume of water is injected to the cell. The decrease is not significant until the apex of the interface approaches the production well because most of the pressure drop is near the wellbore where the moving fluid remains in oil until breakthrough. Because the mobility of water is much higher than that of oil, the pressure drop decreases dramatically after water breakthrough.
Conclusions
1. Experimental studies of the displacement of oil by bottom water were carried out in the Hele-Shaw cell at various production rates and viscosity ratios. 2. Oil recovery at breakthrough generally decreased with flow rates and viscosity ratios. But in some case where viscosity ratio was high, the oil recovery for higher flow rates when multiple fingers formed was even higher than that for lower flow rates. A considerable amount of oil may be recovered from the multiple fingering flow. 3. Stable interfaces were achieved at low rates and in the cases where water and oil had the same viscosities. The interface became unstable at high flow rates and when viscosity ratio was high. 4. Production performance after breakthrough was analyzed according to the variation in the positions of the interface with time. The water cut depends on viscosity ratio between displacing and displaced fluids. 5. A correlation was developed for oil recovery at breakthrough with a dimensionless flow rate. 6. A novel approach was developed to model numerically the piston type displacement that occurred in the Hele-Shaw cell. 7. The simulation results showed that the water-oil interface became sharper as the flow rates and viscosity ratios increased. The predicted oil recovery at breakthrough was in general agreement with corresponding experimental data.
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